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Finite Element Multiple-Mode Approach to Nonlinear
Free Vibrations of Shallow Shells
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Two finite element (FE) modal formulations for large-amplitude free vibration of isotropic and arbitrary lam-
inated composite shallow shells are presented. The system equation of motion is formulated first in the physical
structural node degrees of freedom (DOF). Then the system is transformed into two distinctly different sets of gen-
eral Duffing-type modal equations based on 1) modal amplitudes of coupled linear bending and in-plane modes,
where in-plane inertia is included in the formulation, and 2) modal amplitudes of linear bending modes only, where
the in-plane inertia is neglected. Multiple modes and the first-order transverse shear deformation are considered
in the formulations. A shallow-shell finite element is developed as an extension from the triangular Mindlin (MIN3)
plate element with the improved shear correction factor by Tessler. Time numerical integration is employed to de-
termine the nonlinear periodic frequency characteristics. The inaccuracy in characterizing a shallow-shell response
with coupled linear bending and in-plane modes is demonstrated and discussed by comparing with the FE solution
in structural node DOF. Study cases include isotropic and composite panels of different shallow-shell geometries.

Nomenclature
[A] = in-plane material stiffness matrix
[A;] = shear material stiffness matrix
a = panel length
[B] = coupled in-plane bending material stiffness matrix
b = panel width
[D] = bending material stiffness matrix
h = panel thickness
[KL] = linear stiffness matrix
[K;] = modal linear stiffness matrix
[K,] = modal first-order nonlinear stiffness matrix
[K4y] = modal second-order nonlinear stiffness matrix
[K;] = (first-order nonlinear stiffness matrix
[K2] = second-order nonlinear stiffness matrix
[M] = mass matrix
[M] = modal mass matrix
q = generalized (modal) coordinate
R = shell radius
T = period
t = time
{U} = in-plane displacement along x axis
{V} = in-plane displacement along y axis
{W} = transverse displacement
{ys} = shear strain
{¢°} = in-plane strain
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{x} bending curvature

v = Poisson ratio

{0} = eigenvector

{¥} = rotation of normal to the midsurface
w = frequency

Subscripts and Superscripts

b = bending

L = linear

m = membrane

max = maximum

min = minimum

N, = referring to [B]{«x}
N, = referring to [A]{e’}
Ngr = referring to [A]{e}}
NL = nonlinear

R = radius

r = mode number

s = shear

t = transverse

X = X axis

y = yaxis

Introduction

HALLOW shells are common structural components in many

fields of engineering. Various theories of shells were described
and outlined in many monographs, for example, Refs. 1-3. A re-
view of vibration of shallow shells covering the advances since
the 1970s was given by Liew et al.* Based on an exhaustive liter-
ature search, the classical analyses of large-amplitude free vibra-
tion of shallow shells’>~!? have all neglected the in-plane inertia
terms as a result of mathematical difficulties. Also difficulties in
obtaining the initial conditions'? for the steady periodic response
resulted in the prevailing number of investigations using a single
mode approximation.’~7-?~11:1415 Apart from the approach where a
single-mode solution is obtained under the assumption of neglect-
ing in-plane inertia, there are very few attempts departing from
this pattern. Fu and Chia® and Abe et al.'” accounted for multi-
mode solution while in-plane inertia was dropped. On the other
hand, Singh'® and Sansour et al.'” using energy methods included
the membrane effects, but their energy estimations were based on
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single-mode deformation. Moreover, classical solutions were usu-
ally obtained for simple geometry of rectangular planform, isotropic
or orthotropic material, and fully simply supported or fully clamped
boundary condition.

The much more versatile finite element (FE) methods, on the
other hand, have dealt with this coupled linear bending and in-plane
modes for flat unsymmetrically laminated composite plates (as a
result of laminate stiffness [ B] # 0). The general Duffing equations
in terms of modal amplitudes of coupled linear bending in-plane
modes were formulated by Shi et al.'® for nonlinear free vibration
of unsymmetric composite plates, whereas Abdel-Motaglay et al.!
studied panel flutter with in-plane inertia neglected and the Duffing
equations were expressed in terms of linear bending modal ampli-
tudes. Przekop et al.?” developed FE modal formulation for shallow-
shell problems and addressed both in-plane inertia and multimode
solution. Their approach, however, utilized the coupled linear bend-
ing and in-plane modes (caused by curvature and/or [B] #0) and
resulted in an overstiff response.

By neglecting the in-plane inertia terms and using classic ana-
lytical method for large-amplitude free vibration of shallow shells,
it leads to the case that the linear in-plane modes are also dropped
out from the analysis. The nonlinear Duffing modal equations are
thus expressed in terms of linear bending modal amplitudes only.
For shallow-shell structures, however, the bending component and
in-plane component of each linear mode are inherently physically
coupled as a result of curvature. By keeping in-plane inertia in the
analysis and formulating the general Duffing equations in terms of
the linearly coupled bending in-plane modal amplitudes, this yields a
nonlinear response with the fixed ratio between the out-of-plane and
in-plane deformation for each of the linear modes. This ratio, how-
ever, could be different at various large amplitudes for the nonlinear
case. This is one of the objectives of the present paper to investigate
the accuracy in predicting nonlinear frequency of shallow shells by
the two distinct FE modal approaches. One uses the linearly cou-
pled bending-in-plane modes without neglecting in-plane inertia,
and the other employs the linear bending modes only and neglects
the in-plane inertia.

The system equations of motion are formulated first in the phys-
ical structural node degrees of freedom (DOF). Then, the system is
transformed into general Duffing-type modal equations with modal
amplitudes in either coupled linear bending-in-plane modes or lin-
ear bending modes only. Linear bending-in-plane coupling is caused
by the shell curvature as well as the nonsymmetric lamination
([B]#0). Multiple modes and the first-order transverse shear de-
formation for composites are considered in the formulation. A tri-
angular shallow-shell finite element is developed from an extension
of the triangular Mindlin (MIN3) element with the improved shear
correction factor by Tessler and Hughes?' and Tessler.?>?* Time-
domain numerical integration is employed to determine nonlinear
frequency of vibration with judicious initial conditions. Results ob-
tained from two FE modal formulations are compared with classical
and FE structural node DOF solutions, and conclusions are drawn
regarding the accuracy of the proposed two FE modal formulations.

Formulation

Equations of Motion in Structure Node DOF

The in-plane strain, change of curvature, and shear-strain vectors
based on the von Karman large deflection and the first-order shear
deformation theory for a doubly curved shallow shell presented in
Fig. 1 are given by'’

(&%) = {8?,1} + {82} + {s%}

U x | W w/R,
=1 U otz owh o (tyw/R
Uy + Ux 2w,xw,y 0

w\'x
. y X Rx
=1 v | {yx}:{z‘~}+{z}—{ﬁk}(1)
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Fig. 1 Triangular shallow-shell finite element.

The constitutive equations for a laminated composite shallow-shell
panel are*

N A B 0 g0
mb=|8 D o]« @
o 0 0 A Vs

Applying the Hamilton’s principle and standard finite element
assembly procedure, the system equations of motion for a compos-
ite shallow shell undergoing large-amplitude free vibration can be
expressed as?

M, 07(W, N Ky Kom N K 0
0 Mm Wm Kmb Km 0 0
+ _Klf thm + 0 Kl;rlli + Klb Klbm
| KR 0 KR KR Klw 0

m

(K1) 0 K1)" 0 KI)® 0
+ + +
L 0 0 0 0 0 0

[K1F 0 K2, 0O w,| [0 3
Lo oo of){w] o )

[MI{W} + (IK ]+ [KT(W)] + [K2(WH]{W} = {0}  (3b)

or

The nonlinear stiffness matrices [K1] and [K2] depend linearly
and quadratically on the unknown structural node DOF vector
(WY = [{W,)", {W,,}7 ], where {W;}" = [{W,}", (W}, (¥} ]
and {W,,})T = |{U}T, {V}T]. Solving the system of Eq. (3) turns
out to be computationally costly because 1) at each time step the el-
ement nonlinear stiffness matrices are evaluated and the system non-
linear stiffness matrices are assembled and updated, 2) the number
of structure node DOF of {W} is usually very large, and 3) the time
step of integration should be extremely small. An efficient solution
procedure is to transform Eq. (3) into the modal coordinates'8~20:23
with a modal reduction. This is presented as follows.

Modal Formulation in Coupled Bending-In-Plane Modes

Express the panel deflection as a linear combination of some
known functions as

W)=Y q®(®)" =Iglig) @
r=1
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where the number of retained linear modes is much smaller
then the number of structure node DOF. The rth normal mode
{0} = [{¢,} T, {¢,,} VT ], which is the coupled bending-in-
plane mode normalized with the maximum component to unity,
and the linear natural frequency w, are obtained from the solution
of the linear vibration problem

o Mg} =K, 1{¢}" 5)

where [K;]=[K]+[K*]+ [K®]+[K*%]. Note that the relation
between {¢,}" and {¢,,}? is fixed. The modal mass matrix is

(M] = [¢]" [M][¢] (6)

and the modal linear stiffness matrix is
(K] =[] [K.I[$] @)
Nonlinear stiffness matrices in modal coordinates'®2%? are defined

as
(K, =191" ) a[K11"[¢] ®)
r=1

(Kol = 1617 YD a:q,[K21"[g] ©

r=1 s=1

Now, the equation of motion in the reduced amplitudes of coupled
bending-in-plane modes has a form

{G) + M1 (LK1 + [K,] + [K,D{g) = {0} (10)

Modal Formulation in Bending Modes Only
To express the shallow-shell response in terms of linear bending
modes only, the in-plane inertia term in Eq. (3) must be neglected:

[M,,){W,,} = {0} (11)

This allows for the part of Eq. (3) corresponding to in-plane motion
to be solved for in-plane displacement {W,,} in terms of transverse
displacement {W,} as

(W,,} = —([Km] + [K;R])il([Kmb] + [Knlfb]

+[ Ko ] + K 1) (W5} (12)

whereas the part of Eq. (3) corresponding to the transverse and
rotational motion becomes

(MW} + (IKs] + | K | + K] + K11+ [ K157 |
F K+ K+ [ K1 |+ [K21){Ws}

+ ((Koml + [ ]+ [KoR] + [K o) {W,} = {0} (13)

Substitution of Eq. (12) into Eq. (13) results in the formulation when
the in-plane inertia is neglected. It is observed that the cross product
of the underlined portion of Eq. (13) by Eq. (12) will result in 16
new terms. It is further observed that among these 16 terms nine
are linear and seven nonlinear. Then, the modal solution is sought
in a form expressed in transverse and rotational degrees of freedom
only, as

W) = a0l = [s)lg) (14)
r=1
where {¢,}"” are obtained from linear eigenproblem of a form
o (Mg} = [Krpl{}" (15)

and [Kj,] consists now of 12 linear terms listed in the Appendix
[Eq. (AS5)]. In particular, it is seen that this approach generates

two additional second-order nonlinear terms being products of first-
order nonlinear terms. The first of the two second-order nonlinear
terms is generated by simple multiplication of two first-order nonlin-
ear terms, and it becomes —[K 1y, [([K,,] + [K;;R])*' [K 1] The
second of the two second-order nonlinear terms originates from the
first-order nonlinear matrix | K'1,™ |. Because this term is expressed
in function of {W,,,} [see Eq. (12)], two first-order nonlinearities are
crossed resulting in a second-order nonlinear term of | K 2,’:””] .Asa
result, the total second-order nonlinear stiffness when the in-plane
inertia is neglected becomes as

[K2,] — [K Lol (1K1 + [K3¥]) 1K Lol = [K227]  (16)

where the underlined portion constitutes the difference in second-
order nonlinear stiffness between the two modal formulations. Cer-
tainly, expressions for linear and first-order nonlinear terms are
also differ as a result of assumption Eq. (11), but numerical re-
sults showed that this difference is minor (not greater than 2%),
whereas differences in the second-order nonlinear term of Eq. (16)
are substantial. Second-order nonlinear stiffness of the formulation
involving assumption of Eq. (11) is always smaller; what would
presumably result in more pronounced softening characteristics of
the shallow-shell response. Detailed formulation in bending modes
only is presented in the Appendix. The iterative procedure to de-
termine the initial conditions providing the periodic solution was
presented by Przekop et al.?°

Results and Discussion

For all cases studied in this paper, only symmetrical shallow shells
with respect to the two centerlines are considered. Subsequently the
response consists only of symmetrical modes. This allows for a
quarter of the shallow shell being studied for refined discretization.
A 14 x 14 mesh size or 392 triangular shallow shell elements are
used in FE discretizing model. The number of structural node DOF
is 980.

Validation of the Formulation

The validation of the developed modal FE approach shown in
Eq. (A6) was conducted by comparing the results obtained with clas-
sical formulation, which neglected the in-plane inertia and charac-
terized the nonlinear vibration behavior with linear bending modes
only. First, the FE single-mode solutions for isotropic shells sup-
ported by shear diaphragms were compared with analytical results
obtained by Kobayashi and Leissa.'” Figures 2—4 present the com-
parison of frequency ratios wni /@, in function of nondimensional
maximum deflection W,/ h for various shallow-shell geometries.
Second, the coefficients of nonlinear terms of single-mode Duffing
equation for a flat cross-ply plate were compared with Pillai and

1.5 T T

— Present
] S - Kobayashi & Leissa

13
1.2F

11

mNL/wL

0.9r

0.8

| ! 1 ! 1
0'70 . :

Fig. 2 Comparison of analytical and FE frequency ratio for various
curvature ratios: r, =10, h/a=0.01, b/a=1, and v =0.3.
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Table 1 Duffing equation coefficients for a flat simply
supported cross-ply (0/90)3 rectangular plate, where a =20 mm,
b =10 mm, & =0.6 mm, Eq; = 5000 kg/mm?2, E»; = 500 kg/mm?,
v12=0.25, and Gy =250 kg/mm?

§+w’(q+aq’+pg’) =0 o B

PDE/Galerkin'4 0.8896 5.9153

FE 14 x 14 mesh in quarter plate 0.8759 5.8965

Difference, % —1.54 —0.32
15 T T T

— Present
- Kobayashi & Leissa

ooNL/mL
-
.

09 r=10

0.8

0. ' ‘
% .

Fig. 3 Comparison of analytical and FE frequency ratio for various
curvatures: h/a=0.001, b/a=1, and v =0.3.
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Fig. 4 Comparison of analytical and FE frequency ratio for various
thickness ratios: ry =ry, =10, bla=1, v =0.3, and H = h/a.

Rao'* in Table 1. Therefore both factors, the curvature of the panel
(Figs. 2—4) and the nonsymmetrical lamination sequence (Table 1),
contributing to the quadratic and cubic terms in the Duffing equation
are verified.

Subsequently, one of the square isotropic doubly curved shells
with r, =r, =10, b/a=1, H=0.01, and v=0.3 (see Fig. 2),
where r, =R./a, ry=Ry/a, and H=h/a, is studied further to
investigate the difference in frequency ratios wyy /w; between the
two sets of Duffing modal equations in terms of coupled bending-in-
plane modes and bending modes only, and the discrepancy between
single- and multimode solutions. Finally, several graphite-epoxy
simply supported cylindrical panels are studied to determine the
influence of varying lamination stacking on the response.

Table 2 Natural frequencies from Eq. (5) for isotropic square doubly
curved shallow shell supported by shear diaphragms, where
a=b=010m,h=1mm,and R, =R,=1m

Mode Frequency, Hz

(1,1 944.46

1,3)+@3,Dor(1,3)— (3,1 2550.6

(3.3) 4427.6
2.2 : T .

—— Finite Element - w/lnplane
—-— Finite Element - w/o Inplane
Analytical - w/o Inplane (Kobayashi & Leissa)

0% . .

Fig. 5 Effect of in-plane inertia on the square isotropic doubly curved
shallow-shell response: v =0.3, r, =r, =10, and H =0.01.

Response Using Coupled Bending-In-Plane
Modes vs Bending Modes Only

Analytical methods have expressed the shallow-shell response in
terms of linear bending modes only by neglecting in-plane inertia
as described earlier. The two FE formulations presented here are
capable of providing solutions with and without this assumption.
It is found, as presented in Fig. 5, that the vibrating shallow shell
exhibits a hardening response characteristic when the solution is
obtained by utilizing the coupled bending-in-plane modes with in-
plane inertia included, and softening response characteristic when
bending mode only is used and in-plane inertia effect is neglected.
In attempt to resolve this ambiguity, three steps were undertaken,
namely, 1) multimode solutions for both FE modal formulations
were computed, 2) the solution in structural node DOF as presented
in Eq. (3) was conducted, and 3) experimental verification of a
clamped cylindrical shallow shell is currently underway, and the
results will be presented in a follow-up paper.

Multimode Solution

The two-mode and three-mode solutions are determined and com-
pared with single-mode solution using both FE modal formulations.
Once the three-mode solution is available, also a solution in struc-
tural node DOF (caused by computational limitations a quarter of
shallow shell was discretized with 8 by 8, or 128 triangular ele-
ments), with initial conditions obtained from the shell deflection of
three-mode solution, is determined.

The first three natural frequencies from Eq. (5) are given in
Table 2. Sample transverse and in-plane time responses and phase
plot for moderately large-amplitude vibrations are presented in
Figs. 6a, 6b, and 7, respectively, for the formulation in bending
modes only. It is seen in Fig. 6 that the FE structural DOF so-
lution (obtained with 8 x 8 mesh discretization) agreed very well
with the three-mode modal solution using the Duffing equations
in bending modes only (at w/w; =0.9029, Wi,/ h =0.8899, and
Winin/ h = —1.4858). The transverse motion and the in-plane mo-
tion from the fundamental mode, three-mode, and structural node
DOF solutions have the identical period of vibration or low fre-
quency of w/w; = 0.9029 shown in Figs. 6a and 6b, but not the same
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Time, sec X 10-3

Fig. 6a Transverse time response of the center point of isotropic dou-
bly curved shallow shell.
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Fig. 6b In-plane time response of midedge point of isotropic doubly
curved shallow shell.
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— 3 modes
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-2000¢
-4000}

-6000+

-8000_7'5 4 205 0 05 1

Fig. 7 Phase plot for isotropic doubly curved shallow shell.

Whax/ h and Wy, / h. The extremely high frequency of the in-plane
motion from the structural node DOF solution in Fig. 6b demon-
strates clearly that the in-plane inertia can be neglected without loss
of accuracy in prediction of nonlinear frequencies of vibration of
shallow shells. For the same formulation, a typical set of the three-
mode results consisting of the time response and the phase plots for
each mode is presented in Figs. 8a and 8b, respectively. It is seen
from the aforementioned figures that the multimode solution departs
from the single-mode solution, especially for larger amplitudes in
the inbound part of oscillation (compressive in-plane strain). For this
reason, both values Wy,.x/ h and Wy, / b are shown as a function of
frequency ratio in Fig. 9, instead of Wi,/ h only, as it is tradition-
ally done for isotropic or symmetrically laminated flat plates. The

differences between the fundamental mode solution and multimode
solutions are observed; however, the number of modes does not alter
the solution characteristics between hardening and softening. On the
other hand, it is seen that the substantial difference between the two
modal FE formulations expressing the Duffing modal equations in
terms of coupled bending-in-plane modes vs bending modes only.
The formulation in terms of bending modes only is found to be ac-
curate as verified by the results using structural node DOF shown
in Figs. 6 and 9. It is apparent that the ratio between bending and
in-plane displacements, which is constant for the linear case, does
not hold constant because of the von Karman type nonlinearity, and
this ratio changes as the amplitude of vibration increases. Therefore
expressing the nonlinear system response in terms of coupled linear
bending and in-plane modes (with a fixed ratio between the bending
and in-plane components of the eigenvector) acts as a constraint
on the system, introducing an excessive amount of stiffening. This
effect is demonstrated in Table 3 and Fig. 10. Based on the FE in
structural DOF, and on the FE modal formulation that allows for ad-
justment between in-plane vs out-of-plane displacements, the ratio
between maximum in-plane U,/ h = Vi /h and transverse dis-
placement Wy« / ki is calculated. It is seen that the ratio changes as
the amplitude of the oscillation increases. Modal formulation in the
linearly coupled bending-in-plane modes certainly would not allow
for this adjustment, whereas the formulation in bending modes only

05

q(m)lh

-1

0 02 04 _06 08 1 12
Time, sec x10°

&

9 ,3+3,1)m

0 0.2 04 0.6 08 1 12
Time, sec %x10°

0.015¢

0.01t

0.005¢

Ye,3/"

.01t

0 02 04 06 08 1 12
Time, sec x10°

s

Fig. 8a Three-mode solution: time response for modes (1,1), (1,3)+
3,1), and (3,3).
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Fig. 8b Three-mode solution: phase plots for modes (1,1), (1,3)+
(3,1), and (3,3).
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Fig. 9 Multiple-mode and single-mode solutions using the two distinct
modal formulations vs structural node DOF solution for a isotropic
doubly curved shallow shell.

Table 3 Ratios of in-plane vs out-of-plane
displacement for various time instances during one
period of oscillation for a doubly curved isotropic
shell supported by shear diaphragms

(Umax/ 1)/ (Wmax/ h) x 100%

Whax/ h Structural DOF Three-mode solution
0.89 2.47 2.40
1.38 2.89 2.58
1.82 3.63 3.52

|
|
|
Fig. 10 Copuled linear bending in-plane Upax/Wnax =2.07%.

does, as presented in Table 3 and Fig. 10. The differences observed
between the ratios obtained via structural DOF and modal formu-
lations are to be contributed to coarse discretization of structural
DOF model and because of the low number of modes retained in
the reduced-order solution.

Mode (1,3) — (3,1) is not shown in Fig. 8 because it does not
contribute to W,.x/h and W,/ h. It is also seen in Fig. 9 that the
FE solution in structural DOF compared very well with the FE modal
solution in bending modes only. The value of contribution from the
rth mode is defined as

> a0l

and in particular modal participation defined in Eq. (17) can be
calculated at maximum deflection Wp,,, corresponding to time
t=kT, and at minimum deflection W,y;,, corresponding to time
t=(k+ %)T, where 7T is a period and k=0, 1,2,.... Sample
modal participation values for the case shown in Fig. 9 are given in
Table 4, and it is seen that modal participations at Wy, and Wy,
are not the same, and three modes will yield accurate converged
frequency ratios.

modal participation(t) = 17

Lamination Sequence

Responses of cylindrical rectangular simply supported graphite-
epoxy composite panels with different lamination stacking, namely,
antisymmetrical (0/90), (90/0), (0/90/0/90), and (90/0/90/0) and
symmetrical (0/90/0) and (90/0/90) are investigated. Material prop-
erties are £; =26.24 Msi (181.0 GPa), E, =1.49(10.3), G, =1.04
(7.17), v =0.28, and p =0.1458 x 1073 Ib-s?/in.* (1550 kg/m?).
For the (0/90) cylindrical panel, the (0) layer is closer to the cen-
ter of cylinder. The composite shallow shell of the same plan-
form dimensions 10 x 15 in. (0.254 x 0.381 m), curvatures R, =
100in. (2.54 m) and R, = oo, and thickness 7 = 0.050 in. (1.27 mm)
is studied. A 14 x 14 mesh size or 392 triangular shallow shell ele-
ments are used to disretize a quarter of cylindrical panel. For simply
supported boundary conditions the number of structural DOF is 980.

For antisymmetrical lamination stacking, additional linear
bending-in-plane coupling occurs as a result of nonzero material
stiffness [ B]. This additional coupling can influence, depending of
stacking sequence, the response characteristics, and either magnify
or suppress softening effect. Although it was found in the preced-
ing section that single-mode solution is not reasonably accurate, it
was also found that additional modes added to the solution refine
the results but will not alter softening vs hardening characteristics.
Therefore the effect of laminate sequence study is performed us-
ing a single-mode solution. Because in the preceding section it was
already concluded that modal FE formulation in terms of bending
modes only yields accurate results, all of the composite shell cases
are analyzed according to this formulation.
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Table 4 Modal participations for isotropic doubly
curved shallow shell

Modal participation at Winax, %
Modal participation at Wi, %

wmax/h
w/or Wmin/ h qn q13 +g31 q33
1.0044 0.0988 98.50 1.36 0.13
—0.1055 98.41 1.47 0.12
0.9982 0.1950 97.03 2.70 0.28
—0.2232 96.82 2.95 0.23
0.9917 0.2890 95.64 3.93 0.43
—0.3553 95.15 4.52 0.33
0.9821 0.3813 94.42 4.99 0.59
—0.5050 93.42 6.18 0.40
0.9695 0.4735 93.55 5.70 0.74
—0.6768 91.52 8.04 0.45
0.9512 0.5685 93.32 5.79 0.89
—0.8768 89.42 10.12 0.46
0.9307 0.6749 94.87 4.62 0.87
—1.1227 86.63 12.85 0.51
0.9029 0.8899 89.90 9.98 0.12
—1.4858 717.80 21.74 0.46
0.8692 1.0116 84.64 14.44 0.92
—1.7477 87.06 11.93 1.01
0.7545 1.1022 89.87 8.73 1.40
—2.3606 97.97 1.33 0.69
0.7396 1.2333 92.01 6.35 1.63
—2.5480 96.16 3.20 0.65
0.7479 1.3773 95.57 2.99 1.44
—2.6705 93.05 6.83 0.11
0.7717 1.4751 97.00 2.31 0.70
—2.8952 91.07 8.29 0.65
0.8160 1.6895 88.54 4.13 7.33
—3.0547 87.33 10.52 2.15
0.8260 1.6980 89.97 5.07 4.96
—3.2144 88.71 10.40 0.89
0.8660 1.7116 90.14 6.85 3.02
—3.4147 88.48 10.45 1.07
0.9010 1.8190 88.66 7.56 3.78
—3.9575 88.94 10.17 0.89

(0/90/0) 90/0/90/0)

Frequency, Hz
IS
&)
o

300
{0r90/0/90)
250 05 1 15 2 25 3
W h
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Fig. 11 Lamination stacking influence on the simply supported cylin-
drical rectangular panel response.

Table 5 presents the lowest three natural frequencies of the panels
where the antisymmetrical lamination stacking is the strongest. As
the sequence of lamination is reversed, the major differences are
found with respect to natural frequencies, mode shapes, and nonlin-
ear response characteristics. Lamination (0/90) results in the funda-
mental frequency being higher by 16.4% than for lamination (90/0).
For (0/90) case, the sequence of mode shapes in increasing frequency
is (1,1) followed by (3,1) and (1,3), whereas for (90/0) lamination
sequence case the mode ordering is (1,1), (1,3), and (3,1). As for the
nonlinear behavior, lamination sequence (0/90) introduces soften-

Table 5 Natural frequencies for graphite-epoxy
rectangular cylindrical simply supported panel with
antisymmetrical lamination stacking

Frequency, Hz

Lamination Mode (1,1) Mode (1,3) Mode (3,1)
(0/90) 381.8 436.8 409.8
(90/0) 327.9 429.1 591.0

ing characteristics, whereas lamination (90/0) gives purely harden-
ing response. More examples are illustrated in Fig. 11. Generally it
is concluded that configurations with lower linear fundamental fre-
quencies exhibit hardening response characteristics, whereas these
of higher fundamental frequencies exhibit softening response char-
acteristics.

Conclusions

A major difference is found between the two modal finite element
(FE) formulations: the one that expresses the Duffing equations in
terms of coupled bending-in-plane modes and does not neglect in-
plane inertia yields hard-spring behavior for the isotropic doubly
curved shallow shell and the other that uses bending modes only
and neglects in-plane inertia yields soft-spring behavior. Because
analytical results are available only under the latter assumptions, FE
solution in structural node DOF, which holds account of in-plane
inertia and includes both out-of-plane and in-plane modes, is used to
resolve the ambiguity. The formulation in terms of bending modes
only is demonstrated to be accurate. This approach neglecting the
in-plane inertia effects, however, does not result in an overstiffened
solution because it allows adjustments for the bending vs in-plane
strain, as the large amplitude of vibration changes. That property is
an inherent feature of a formulation where von Karman nonlinear-
ity is involved. From the examples studied, it is concluded that two
aforementioned modal FE formulations can give completely differ-
ent characteristics (hard or soft spring), whereas multiple modes
will improve the accuracy of the nonlinear frequency.

A vibrating flat plate always remains in tensile in-plane strain. For
the shallow shell, the outbound part of oscillation is also associated
with positive in-plane strain, but for the inbound part of oscillation
the in-plane strain becomes negative. For that reason the time when
shallow shell remains below the undeflected position is longer than
half of the period, and the negative deflection has larger absolute
value than positive deflection.

Itis seen that even for moderate large deflection, the higher modes
contribution could reach over 15% (Table 4). It is also observed that
the modal participations differ based on the outbound (maximum)
and inbound (minimum) deflections. The difference increases as the
deflection increases.

Flexibility of enforcing complicated boundary conditions and
nonrectangular geometries of the panel promote FE approach with
the transformation into the modal degrees of freedom to be the es-
sential tool for variety of shallow-shell panel response problems,
including panel flutter, sonic fatigue, and postbuckling behavior.

Appendix: Finite Element Modal Formulation
in Bending Modes Only

Substituting Eq. (12) into Eq. (13) yields

(M)W} + [[Kp] + [ K]+ [KE] + K L1+ [K 1,7 ]+ [K 15" ]
+[KIE]+ [K1,5] + K250 — (IKom] + [Kik,]
+[KoE] 4+ 1K Vo) (LK1 + [K3F]) ™ (LKmo) + [K 5]

+[Kab] + [K Lan]) [ (W} = {0} (A1)

and it represents the equations of motion expressed in terms of bend-
ing displacement only. Expanding the bottom two lines of Eq. (A1),
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16 new terms are generated. Nine of them are linear:

—[KomI ([Kn] + [K3R]) (K] (Ala)
Kol (1K) + [K3F]) 7 [K 5] (Alb)
Kol (K] + [K25]) " [K2E] (Alc)

— (K (K] + [K3F]) (K] (Ald)
—[KE] (K1 + [K3F]) ' [KE] (Ale)
(&) + [5F]) " [Kak] (A1D)

K5 (Alh)

)
)
)
(LK) + [K25]) ™ 1K) (Alg)
)
)

KX (Ali)

six terms are first-order nonlinear:

— (Ko ([K] + [K3R]) 1K L] (A1)
—[KE] (K] + [KSK]) 1K Lo (A1K)
—[KE) (1K) + [KK]) 1K Lo (AlD)
K Lo (K] + [K25]) (K] (Alm)
—(K Lo (K] + [K2F]) " [KE] (Aln)
— (K Lol ([K] + [K2F]) ' [K2K] (Alo)
and one term is second-order nonlinear:
— (K Lol (1K) + [K2K]) 1K Lo (Alp)

Moreover, the matrix | K1 ng depends on the in-plane displace-
ment {W,,}; therefore, it will be also affected by the assumption of
neglecting the in-plane inertia. Recalling the membrane displace-
ment vector of Eq. (12),

Wk = =K1 + [K:F]) " (1K) + [KE] + [K2E] + K Lo

Wy} = —(IKal +[KF]) (qu(t)[Kmh]{m}“)
+ Y aO[KL 007+ ) a0 Kk ]ien)”
r=1 r=1

+ DY a4 (z)[Klmh]“’{m}(”) (A2)

r=1s=1

Therefore, the membrane vector, Eq. (A2), can be expressed in a
form of

(W,) = —(Zq,.(z){wm}°"> +3 aw]wr”
r=1 r=1
- Z Zq, OrAGIA }“”) (A3)

r=1s=

n
+ > Wk}
r=1

and then four new nonlinear modal matrices are generated from
LK lf,VmJ matrix as following summation shows:

(K17 ] ==Y a-@[K1%] = g (K 1Mk
r=1 r=1

- qua)[KlN Ry — Z Z 9- (g, (H[K 2]

r=1s=
(A4)

In particular, it is observed that this operation will yield a second-
order nonlinear matrix, | K2 |, and the final equation becomes

(M)W} + (1K) + [K3] + [KE] = IKomd (K1 + [K2K]) ™ Koo

~ Kol (U1 + [K3]) 7 [K5] = 1Ko

x (1K + [K3F) ' [Kak] - [KE] (1K1 + [K35])
x (Kol = [KE (1K1 + [K:5]) ' [KE] - [K&]
(1K, + [KF]) 7 [k - (K)o + [K55])

[Kox] &) (KA - [Kek]

[K1,"]
[K1)7F] + [K 1] + [K1)*%] = [Kom]
(K] (1K1 + [K35])

x (K L] — [KeE) (1K + [K3F]) K L] —

X [Kup] — [K3X

x (LKl + [K3]) " [Kak] + K11+ [K 1] -
K]
x (1Kl + [K3F]) 1K L] —
[K Tom]
< (LK) + [K3F]
x[Ka] = [Ka

— (K Lo (K] + [K25]) 71K L] — [K2Y D{W,) = (0)
(A5)

The modal equation in terms of bending modes only becomes

LM J{W5) + (LK 1] + LK) + LKgpDIWs) = {0} (A6)

]
)" K] = K Ll (1K1 + [K37])
(

WKl + [K3F]) 7 [KE] + 1K 2]

The modal transformation and the solution procedure follow exactly
the one where the in-plane inertia is not neglected, with

LMy] = [¢5]" [M}]1[h5] (A6a)
LKy) =[] [K1s1[hs] (A6b)

(Kol = (961" Y ar 0K 1, (@)1 (4] (A60)

K] = (01" Z Z - (Na, (DK 2,1 (] (A6d)

r=1s=

where | K, | is established in lines 2-6, | K, | is established in lines
7-10, and | K43 | is established in line 11 of Eq. (AS), respectively.
For the detailed derivation, the readers are referred to Ref. 25.
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